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ON CONTRACTIVE MAPPINGS IN bv(s)-METRIC SPACES
PRATIKSHAN MONDAL1, HIRANMOY GARAI2, LAKSHMI KANTA DEY3.
Abstract. The major motives of this paper are to study different types of
contractive mappings and also to answer an open question of Garai et al. [The
contractive principle for mappings in bv(s)-metric spaces, arXiv:1802.03136].
We first set up some fixed point results associated with two types of contractive
mappings in bv(s)-metric spaces and then we give an answer, in positive, to the
open question. Most importantly, we characterize the completeness of a bv(s)-
metric space via fixed point property of a certain type of contractive mappings.
Our results extend and generalized several important results in the literature.
Keywords: bv(s)-metric space; sequentially compact space; complete space;
contractive mapping.
1. Introduction and preliminaries
Theory of fixed point is an interesting branch in analysis due its simplicity and
applications. Many authors contributed to the theory with a numerous number
of publications. This theory was originated by Banach [3] with an interesting and
nice result, known as Banach contraction principle. The simplicity and usefulness
of Banach contraction principle inspired many researchers to analyse it further.
As a result, a number of generalizations and modifications emerge for this prin-
ciple in different directions. One of these different directions is to change the
underlying metric space to different other abstract spaces. One of such abstract
spaces is bv(s)-metric space, which was introduced by Mitrovic´ and Radenovic´ [13]
in 2017. We first recall the definition of a bv(s)-metric space.
Definition 1.1. ( [13, p. 3089, Definition 1.8]). Let X be a non-empty set,
v ∈ N and s ∈ [1,∞). A function ρ : X×X → R is said to be a bv(s)-metric if for
all x, y ∈ X and for all distinct points u1, u2, . . . , uv ∈ X , each of them different
from x and y, the following conditions hold:
(i) ρ(x, y) ≥ 0 and ρ(x, y) = 0 ⇐⇒ x = y;
(ii) ρ(x, y) = ρ(y, x);
(iii) ρ(x, y) ≤ s [ρ(x, u1) + ρ(u1, u2) + · · ·+ ρ(uv, y)] .
In this case, (X, ρ) is said to be a bv(s)-metric space. The notions of con-
vergence, Cauchyness of a sequence, continuity of a mapping, completeness etc.
can be seen in [13]. In the succeeding times, many authors contributed to the
bv(s)-metric fixed point theory with a number of fixed point results, see [1,2,4,12].
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Following all these theories, one can observe that these results are only con-
cerned with different types of contraction conditions. But it is known that stan-
dard metric fixed point theory is also enriched by different types of contractive
conditions also, see [5–7,9–11]. So it is natural to focus on the fixed point results
concerning different types of contractive conditions in bv(s)-metric spaces. Garai
et al. [8] focused in this direction at first. To do so, they first introduced the
concepts of sequential and bounded compactness in the settings of bv(s)-metric
spaces, which are as follows.
Definition 1.2. Let (X, ρ) be a bv(s)-metric space. Then X is said to be se-
quentially compact if for every sequence {un} in X , there is a subsequence of
{un} that converges to some point of X . Again a subset A of X is said to be
sequentially compact if every for sequence {un} in A, there is a subsequence of
{un} that converges to some point of A.
Definition 1.3. Let (X, ρ) be a bv(s)-metric space. Then X is said to be bound-
edly compact if for every bounded sequence {un} in X , there is a subsequence
of {un}, that converges to some point of X . Again a subset A of X is said
to be boundedly compact if for every bounded sequence {un} in A, there is a
subsequence of {un} that converges to some point of A.
After this, Garai et al. proved some fixed point results related to contractive
mappings, i.e., a self-map T defined on a bv(s)-metric space (X, ρ) satisfying
ρ(Tx, Ty) < ρ(x, y) for all x, y ∈ X with x 6= y. They showed that a mapping
satisfying contractive condition on a sequentially compact space acquires a fixed
point but not necessarily acquires a fixed point if the domain of the mapping is
not sequentially compact but complete. So we need some additional condition(s)
either on the underlying space or on the mapping so as to confirm the existence
of fixed point. To find such an additional condition, Garai et al. obtained the
following theorem.
Theorem 1.4. ( [8, p. 11, Theorem 3.10]). Let (X, ρ) be a complete bv(1)-
metric space, and let T : X → X be a contractive mapping. Assume that for any
u ∈ X and for any ε > 0, there exists δ > 0 such that
ρ(T nu, Tmu) < ε+ δ ⇒ ρ(T n+1u, Tm+1u) ≤ ε
for any n,m ∈ N0. Then T acquires a unique fixed point.
We recognize that the additional assumption due to Theorem 1.4 does not
deal with arbitrary bv(s)-metric spaces, but deals with bv(1)-metric spaces only.
So it still remains interesting that what additional assumption(s) will work for
arbitrary bv(s)-metric spaces. Subsequently Garai et al. posed the following open
problem.
Open Question 1.5. ( [8, p. 13, Open Question 3.11]). Let (X, ρ) be a
complete bv(s)-metric space and let T be a self-map on X such that
ρ(Tx, Ty) < ρ(x, y)
for all x, y ∈ X with x 6= y. If s > 1, then find out a weaker additional assumption
on T which will ensure that T possesses a fixed point.
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In this paper, we deal with this open question. To do this, we first consider two
types of contractive mappings, viz., Reich type and C´iric´ type. Then we establish
some results concerning these two types of contractive mappings in the settings
of sequentially compact and complete bv(s)-metric spaces. Utilizing these results,
we give a positive answer to the open question 1.5. We further obtain a result
from which we can characterize the completeness of bv(s)-metric spaces. We also
provide some examples which support the results established in this paper and
show that the conditions considered are not fictitious.
Throughout the paper, N0 stands for the set N∪{0} and R
+ stands for the set
of all non-negative real numbers.
2. Main Results
In this section, we first prove that a mapping defined on sequentially compact
bv(s)-metric spaces satisfying the Reich type contractive condition is a Picard
operator.
Theorem 2.1. Let (X, ρ) be a sequentially compact bv(s)-metric space. Let T be
a self-map on X such that T is orbitally continuous and
ρ(Tx, Ty) < aρ(x, y) + bρ(x, Tx) + cρ(y, Ty)
for all x, y ∈ X with x 6= y, where a, b, c ∈ R+ with a+b+c = 1. Then T acquires
a unique fixed point u (say), and for any u ∈ X, the Picards iterative sequence
{T nu} converges to u.
Proof. Let u0 ∈ X be arbitrary but fixed. Define a sequence {un} by un = T
nu0
for all n ∈ N. If un = un+1 for some n ∈ N, then the result is obvious. So we now
assume that un 6= un+1 for all n ∈ N. Now note that if c = 1, then a = 0 = b and
so we have
ρ(un+1, un+2) = ρ(Tun, Tun+1) < cρ(un+1, un+2) = ρ(un+1, un+2),
which leads to a contradiction. Again if a = 1, then b = 0 = c and so the result
follows from Theorem 3.1 of [8]. So for the rest of the proof, we assume that
a, b, c < 1.
We set sn = ρ(un, un+1) for all n ∈ N. We claim that the sequence {sn}
converges to 0. To prove this, we first show that the sequence {sn} is strictly
decreasing. We have
sn+1 = ρ(un+1, un+2)
= ρ(Tun, Tun+1)
< aρ(un, un+1) + bρ(un, un+1) + cρ(un+1, un+2)
= (a + b)sn + csn+1
⇒ (1− c)sn+1 < (1− c)sn
⇒ sn+1 < sn.
Therefore the sequence {sn} is strictly decreasing. Since sn ≥ 0 for all n,
it follows that sn → α for some α ≥ 0. Now by sequential compactness of
X , there exists a convergent subsequence, say {unk} of the sequence {un}. Let
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unk → u ∈ X as k → ∞. By the orbital continuity of T , we see that the
subsequences {unk+1} and {unk+2} converge to Tu and T
2u respectively. Then
we have
α = lim
n→∞
ρ(un, un+1) = lim
k→∞
ρ(unk , unk+1) = ρ(u, Tu).
Again we have
α = lim
n→∞
ρ(un, un+1) = lim
k→∞
ρ(unk+1, unk+2) = ρ(Tu, T
2u).
We have already noted that α ≥ 0. If α > 0, then u 6= Tu and then we have
ρ(Tu, T 2u) < aρ(u, Tu) + bρ(u, Tu) + cρ(Tu, T 2u)
which implies that ρ(Tu, T 2u) < ρ(Tu, T 2u), and this leads to a contradiction.
Then we have u = Tu and consequently, α = 0, i.e., the sequence {sn} converges
to 0 and u is a fixed point of T .
We claim that u is the only fixed point of T . If not, let u1 ∈ X be a fixed point
of T . Then we have
ρ(u, u1) = ρ(Tu, Tu1)
< aρ(u, u1) + bρ(u, Tu) + cρ(u1, Tu1)
= aρ(u, u1)
which implies that a > 1, which is not possible here. Hence we must have
ρ(u, u1) = 0, i.e, u = u1.
Finally we prove that un = T
nu0 → u as n→∞. If un0 = u for some n0 ∈ N,
then un = u for all n ≥ n0 and so un → u in this case. Let us now define
tn = ρ(un, u) for all n ∈ N. Then,
0 ≤ tn+1 = ρ(un+1, u)
= ρ(Tun, Tu)
< aρ(un, u) + bρ(un, Tun) + cρ(u, Tu)
= aρ(Tun−1, Tu) + bρ(un, un+1)
< a{aρ(un−1, u) + bρ(un−1, un)}+ bsn
= a2tn−1 + absn−1 + bsn
· · ·
· · ·
< an+1ρ(u0, u) + a
nbρ(u0, u1) + a
n−1bs1 + · · ·+ absn−1 + bsn
= an+1ρ(u0, u) + b{a
nρ(u0, u1) + a
n−1s1 + · · ·+ asn−1 + sn}
→ 0 as n→∞.
Thus the proof is done. 
As special cases of the above theorem, we have the following two existing
important results:
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Corollary 2.2. [5, p. 74, Theorem 1]. Let (X, ρ) be a compact metric space
and T be a self-map on X such that
ρ(Tx, Ty) < ρ(x, y)
for all x, y ∈ X with x 6= y. Then T has a unique fixed point.
Corollary 2.3. [11, p. 2147, Theorem 2.2]. Let (X, ρ) be a compact metric
space and T be a continuous self-map on X such that
ρ(Tx, Ty) <
1
2
{
ρ(x, Tx) + ρ(y, Ty)
}
for all x, y ∈ X with x 6= y. Then T has a unique fixed point.
Next, we prove an analogous result of Theorem 2.1 in the structure of com-
plete bv(s)-metric spaces. Before proving this result, let us consider the following
example:
Example 2.4. Let X =
{
1
n
: n ≥ 2
}
. Define a function ρ : X ×X → R by
ρ
(
1
m
,
1
n
)
=
{
|m− n| if |m− n| 6= 1
1
2
if |m− n| = 1.
Then (X, ρ) is a complete b3(3)-metric space which is not sequentially compact.
We now define an operator T : X → X as
T
(
1
n
)
=
{
1
2
if n > 2
1
4
if n = 2.
Note that T is not a contraction, as ρ
(
1
2
, 1
3
)
= 1
2
< ρ
(
T
(
1
2
)
, T
(
1
3
))
= 2. It is
also easy to verify that T satisfy
ρ(Tx, Ty) <
1
3
ρ(x, y) +
1
3
ρ(x, Tx) +
1
3
ρ(y, Ty)
for all x, y ∈ X with x 6= y. However T admits no fixed point in X .
Remark 2.5. The above example shows that the condition ρ(Tx, Ty) < 1
3
ρ(x, y)+
1
3
ρ(x, Tx) + 1
3
ρ(y, Ty) is not sufficient to guarantee the existence of fixed point
of a mapping in the setting of a complete bv(s)-metric space. Thus we need to
consider some additional condition to assure the existence of a fixed point, which
is reflected in the following theorem.
Theorem 2.6. Let (X, ρ) be a complete bv(s)-metric space. Let T : X → X
be a mapping satisfying the contractive condition of Theorem 2.1. Furthermore,
assume that for any x ∈ X and for any ε > 0, there exists a δ > 0 and an N ∈ N
such that for n,m ∈ N with n,m ≥ N,
ρ(T nx, Tmx) < s2ε+ δ =⇒ ρ(T n+1x, Tm+1x) ≤ ε.
Then all the conclusions of Theorem 2.1 hold good.
Proof. For arbitrary u0 ∈ X , consider the sequence {un} defined by un = T
nu0
for each n ∈ N. In case un = un+1 for some n ∈ N, then un is the unique fixed
point of T and we are done.
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Let us suppose that un 6= un+1 for all n ∈ N. Set sn = ρ(un, un+1) for all n ∈ N.
Then proceeding similarly, as in Theorem 2.1, we find that the sequence {sn} is
strictly decreasing.
Since sn ≥ 0 for all n, it follows that sn → α for some α ≥ 0. If α > 0, then
by given condition there exists a δ′ > 0 and an N1 ∈ N such that
ρ(un, un+1) < s
2α + δ′ =⇒ ρ(un+1, un+2) ≤ α
for all n ≥ N1. By definition of α, for this δ
′ > 0, there exists a sufficiently large
n ∈ N such that
ρ(un, un+1) < α + δ
′ ≤ s2α + δ′.
Therefore, ρ(un+1, un+2) ≤ α and this leads to a contradiction. Hence we must
have α = 0 i.e., lim
n→∞
ρ(un, un+1) = 0.
Next, we show that {un} is a Cauchy sequence. Let ε > 0 be arbitrary. Then
we get a δ > 0 and an N2 ∈ N such that
ρ(T ix, T jx) < s2ε+ δ =⇒ ρ(T i+1x, T j+1x) ≤ ε
for all i, j ≥ N2.
Without loss of generality, we can assume that δ ≤ ε. Since lim
n→∞
ρ(un, un+1) = 0,
there exists an N3 ∈ N such that
ρ(un, un+1) <
δ
4(v + 1)s2
for all n ≥ N3.
Let n ∈ N with n ≥ max{N2, N3} + 1 be arbitrary. We now show by method
of induction that
ρ(un, un+k) ≤ ε
for all k ∈ N.
Clearly, the result is true for k = 1. Let the result be true for k = 1, 2, · · · , m.
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Case I: Let us first assume that m > v. Then
ρ(un−1, un+m)
≤ s{ρ(un−1, un) + ρ(un, un+1) + · · ·+ ρ(un+v−2, un+v−1) + ρ(un+v−1, un+m)}
< s
{
ρ(un−1, un) + ρ(un, un+1) + · · ·+ ρ(un+v−2, un+v−1) + aρ(un+v−2, un+m−1)
+ bρ(un+v−2, un+v−1) + cρ(un+m−1, un+m)}
}
< s
{
δ
4(v + 1)s2
+ · · ·+
δ
4(v + 1)s2
+ (b+ c)
δ
4(v + 1)s2
+ aρ(un+v−2, un+m−1)
}
<
δ
4s
+
δ
4(v + 1)s
+ as
{
aρ(un+v−3, un+m−2) + bρ(un+v−3, un+v−2)
+ cρ(un+m−2, un+m−1)
}
<
δ
4s
+ 2
δ
4(v + 1)s
+ a2sρ(un+v−3, un+m−2)
· · ·
<
δ
4s
+ v
δ
4(v + 1)s
+ avsρ(un, un+m−v)
<
δ
2s
+ sε.
Case II: We now assume that m < v. Then
ρ(un−1, un+m)
< s{ρ(un+m, un+m+1) + ρ(un+m+1, un+m+2) + · · ·+ ρ(un+m+v−1, un+m+v)
+ ρ(un+m+v, un−1)}.
By Case I, we can conclude that
ρ(un+m+v, un−1) < sε+
δ
2s
.
Therefore, we get
ρ(un−1, un+m) < s
{
δ
4(v + 1)s2
+
δ
4(v + 1)s2
+ · · ·+
δ
4(v + 1)s2
+ sε+
δ
2s
}
< δ+s2ε.
Case III: Let us finally consider m = v. In this case
ρ(un−1, un+m)
≤ s{ρ(un−1, un) + ρ(un, un+1) + · · ·+ ρ(un+v−2, un+v−1) + ρ(un+v−1, un+v)}
< s
{
δ
4(v + 1)s2
+
δ
4(v + 1)s2
+ · · ·+
δ
4(v + 1)s2
}
<
δ
2s
< sε+
δ
2s
.
Thus, by combining all three cases, we find that
ρ(un−1, un+m) < s
2ε+ δ.
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Then by hypothesis, we get
ρ(un, un+m+1) ≤ ε
which shows that the result is true for k = m + 1. Therefore, by method of
induction, we get
ρ(un, un+k) ≤ ε
for all n ≥ max{N2, N3}+1 and for all k ∈ N. Hence {un} is a Cauchy sequence
in X and by completeness of X , we find an element z ∈ X such that un → z
as n → ∞. That z is the unique fixed point of T and the sequence {T nu0}
converges to z follow along the same line of proof of Theorem 2.1. The proof is
complete. 
The above theorem extends the following theorem due to Suzuki.
Corollary 2.7. [14, p. 2362, Theorem 5]. Let (X, ρ) be a complete metric
space and T be a contractive mapping on T . Further, assume that for any x ∈ X
and for any ε > 0, there exists a δ > 0 and an N ∈ N such that for n,m ∈ N
with n,m ≥ N,
ρ(T nx, Tmx) < ε+ δ =⇒ ρ(T n+1x, Tm+1x) ≤ ε.
Then all the conclusions of Theorem 2.1 hold good.
Let us now consider the following example, which is in support of the above
theorem.
Example 2.8. Let X = [0,∞). Define ρ : X ×X → R by
ρ(x, y) =


0 if x = y
2x if x 6= 0, y = 0
2y if x = 0, y 6= 0
4(x+ y) + 1 if x 6= 0, y 6= 0.
Then (X, ρ) is a complete b2(2)-metric space which is not sequentially compact.
Let us define T : X → X , as
Tx =
{
0 if x ∈ [0, 1)
x+1
4
if x ≥ 1.
Let x, y ∈ X with x 6= y. We now consider the following three cases:
Case-I: Let x, y ∈ [0, 1). Then Tx = 0 = Ty. So
ρ(Tx, Ty) <
1
3
ρ(x, y) +
1
3
ρ(x, Tx) +
1
3
ρ(y, Ty).
Case-II: Let x, y ≥ 1. Then Tx = x+1
4
, T y = y+1
4
.
Now, ρ(Tx, Ty) = 4
(
x+1
4
+ y+1
4
)
+ 1 = x+ y + 3.
Also, ρ(x, y) = 4x+ 4y + 1, ρ(x, Tx) = ρ
(
x, x+1
4
)
= 5x+ 2, ρ(y, Ty) = 5y + 2.
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Then,
ρ(Tx, Ty)−
{
1
3
ρ(x, y) +
1
3
ρ(x, Tx) +
1
3
ρ(y, Ty)
}
= (x+ y + 3)−
1
3
{4x+ 4y + 1 + 5x+ 2 + 5y + 2}
= −2x− 2y +
4
3
.
Since x ≥ 1, y ≥ 1, we have
ρ(Tx, Ty)−
{
1
3
ρ(x, y) +
1
3
ρ(x, Tx) +
1
3
ρ(y, Ty)
}
≤ −2 − 2 +
4
3
< 0
which implies that ρ(Tx, Ty) < 1
3
ρ(x, y) + 1
3
ρ(x, Tx) + 1
3
ρ(y, Ty).
Case-III: Let x ∈ [0, 1) and y ≥ 1. Then Tx = 0 and Ty = y+1
4
and so
ρ(Tx, Ty) = y+1
2
.
Now,
ρ(x, Tx) =
{
0 if x = 0
2x if x 6= 0
and ρ(y, Ty) = 5y + 2.
Therefore,
ρ(Tx, Ty)−
1
3
ρ(y, Ty) =
y + 1
2
−
5y + 2
3
=
−7y − 1
6
< 0
and this implies that
ρ(Tx, Ty) <
1
3
ρ(x, y) +
1
3
ρ(x, Tx) +
1
3
ρ(y, Ty).
Now, let x ∈ X and let ε > 0 be arbitrary.
Case-I: Let x ∈ [0, 1). Here we choose δ = ε and N = 1. Then clearly,
ρ(T ix, T jx) < s2ε+ δ =⇒ ρ(T i+1x, dj+1x) = 0 ≤ ε.
Case-II: Let x ≥ 1. Then T nx = x+an
4n
where a1 = 1, an = an−1 + 4
n−1. Then
there exists an N ∈ N such that TNx < 1.
Let ε > 0 be arbitrary. Choose δ = ε. Then T i(TNx) = 0 for all i ∈ N.
Therefore,
ρ(T ix, T jx) < s2ε+ δ =⇒ ρ(T i+1x, T j+1x) = 0 ≤ ε
for i, j ≥ N + 1.
Thus all the conditions of Theorem 2.6 are satisfied. Note that 0 is the unique
fixed point of T .
Next, we prove an analogous version of Theorem 2.1 by changing the contractive
condition.
Theorem 2.9. Let (X, ρ) be a sequentially compact bv(s)-metric space. Let T be
a self-map on X such that T is orbitally continuous and
ρ(Tx, Ty) < max
{
ρ(x, y), ρ(x, Tx), ρ(y, Ty)
}
for all x, y ∈ X with x 6= y. Then all the conclusions of Theorem 2.1 hold.
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Proof. Let u0 ∈ X be arbitrary but fixed. Define a sequence {un} by un = T
nu0
for all n ∈ N. If un = un+1 for some n ∈ N, then the result is obvious.
We set sn = ρ(un, un+1) for all n ∈ N. We claim that the sequence {sn}
converges to 0. To prove this, we first show that the sequence {sn} is strictly
decreasing. We have
sn+1 = ρ(un+1, un+2)
= ρ(Tun, Tun+1)
< max{ρ(un, un+1), ρ(un, un+1), ρ(un+1, un+2)}
= max
{
ρ(un, un+1), ρ(un+1, un+2)
}
= ρ(un, un+1) = sn
⇒ sn+1 < sn.
Therefore the sequence {sn} is strictly decreasing. Since sn ≥ 0 for all n, it
follows that sn → α for some α ≥ 0. Now sequential compactness of X yields
that there is a convergent subsequence, say {snk} of the sequence {sn}. Let
snk → u ∈ X as k → ∞. By the orbital continuity of T , we can show that
α = ρ(u, Tu) = ρ(Tu, T 2u). We have already noted that α ≥ 0. If α > 0, then
u 6= Tu and then we have
ρ(Tu, T 2u) < max{ρ(u, Tu), ρ(u, Tu), ρ(Tu, T 2u)}
which implies that α < α, which is a contradiction. So we must have α = 0 and
therefore u = Tu, i.e., the sequence {un} converges to 0 and u is a fixed point of
T .
For uniqueness of the fixed point, let u1 ∈ X be another fixed point of T . We
claim that ρ(u, u1) = 0. If not, then
ρ(u, u1) = ρ(Tu, Tu1)
< max{ρ(u, u1), ρ(u, Tu), ρ(u1, Tu1)}
= ρ(u, u1),
a contradiction. This proves the uniqueness of u.
Finally we prove that un = T
nu0 → u as n→∞. If un0 = u for some n0 ∈ N,
then un = u for all n ≥ n0 and hence un → u in this case.
We now assume that un 6= u for all n ∈ N. Since {un} contains a subsequence
{unk} such that unk → u as k →∞, u is a cluster point of {un}. Let u
′ be another
cluster point of {un}. So there exists a subsequence of {un} which converges to
u′. Then by a similar argument we can show that u′ is fixed point of T which
contradicts the uniqueness of u. Hence u is the only cluster point of {un}.
Let us now define tn = ρ(un, u) for all n ∈ N. Then,
0 ≤ tn+1 = ρ(un+1, u)
= ρ(Tun, Tu)
< max{ρ(un, u), ρ(un, Tun), ρ(u, Tu)}
= max{ρ(un, u), ρ(un, un+1)}.
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If 0 ≤ tn+1 < ρ(un, u) = tn for all n, then tn → β as n → ∞ for some β ≥ 0.
Then
β = lim
n
ρ(un+1, u)
= lim
k
ρ(unk+1, u)
= ρ(Tu, u) = 0
which shows that tn → 0 as n→∞. Therefore, in this case, un → u as n→∞.
If 0 ≤ tn+1 < ρ(un, un+1), then 0 ≤ lim
n
tn+1 ≤ lim
n
ρ(un, un+1) = 0. This shows
that un → u in this case also. Hence in either case, we see that un → u as n→∞
and the proof is complete. 
We now consider the following example.
Example 2.10. Let X = {2n, 3n : n ∈ N}. Let us define ρ : X ×X → R by
ρ(x, y) =


0 if x = y
1
x
if x 6= 0, y = 0
1
y
if x = 0, y 6= 0
1
x
+ 1
y
if x = 2n, y = 3m or x = 3n, y = 2m
1 if x = 2n, y = 2m or x = 3n, y = 3m.
Then (X, ρ) is a b4(2)-metric space. It can also be verified that (X, ρ) is se-
quentially compact.
Define T : X → X by
Tx =
{
0 if x is even
2 if x is odd.
Then T is not contractive since ρ(T0, T3) = ρ(0, 2) = 1
2
≮ 1
3
= ρ(0, 3). Also T
satisfies
ρ(Tx, Ty) < max{ρ(x, y), ρ(x, Tx), ρ(y, Ty)}
for all x, y ∈ X with x 6= y. Note that 0 is the unique fixed point of T .
Next, we have the following theorem in the context of complete bv(s)-metric
spaces.
Theorem 2.11. Let (X, ρ) be a complete bv(s)-metric space. Let T : X → X
be a mapping satisfying the condition of Theorem 2.9. Furthermore, assume that
for any x ∈ X and for any ε > 0, there exists a δ > 0 and an N ∈ N such that
for n,m ∈ N with n,m ≥ N,
ρ(T nx, Tmx) < s2ε+ δ =⇒ ρ(T n+1x, Tm+1x) ≤ ε.
Then all the conclusions of Theorem 2.1 hold good.
Proof. Let u0 ∈ X be arbitrary but fixed and consider the sequence {un} where
un = T
nu0 for all n ∈ N. If un = un+1 for some n ∈ N, then the result is obvious.
We set sn = ρ(un, un+1) for all n ∈ N. We claim that the sequence {sn}
converges to 0. Exactly in the same way as in Theorem 2.9, we see that the
sequence {sn} is strictly decreasing.
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Since sn ≥ 0 for all n, it follows that sn → α for some α ≥ 0. If α > 0, then
by given condition there is a δ′ > 0 and an N1 ∈ N such that
ρ(un, un+1) < s
2α + δ′ =⇒ ρ(un+1, un+2) ≤ α
for all n ≥ N1.
By definition of α, for this δ′ > 0, there exists a sufficiently large n ∈ N such
that
ρ(un, un+1) < α + δ
′ ≤ s2α + δ′.
Therefore, ρ(un+1, un+2) ≤ α and this leads to a contradiction. Hence we must
have α = 0 i.e., lim
n→∞
ρ(un, un+1) = 0.
Next, we show that {un} is a Cauchy sequence. Let ε > 0 be arbitrary. Then
there exists a δ > 0 and an N2 ∈ N such that
ρ(T nx, Tmx) < s2ε+ δ =⇒ ρ(T n+1x, Tm+1x) ≤ ε
for all n,m ≥ N2.
Without loss of generality, we can assume that δ ≤ ε. Since lim
n→∞
ρ(un, un+1) = 0,
there exists an N3 ∈ N such that
ρ(un, un+1) <
δ
2(v + 1)s2
for all n ≥ N3.
Let n ∈ N with n ≥ max{N2, N3} + 1 be arbitrary. We now show by method
of induction that
ρ(un, un+k) ≤ ε
for all k ∈ N.
Clearly, the result is true for k = 1. Let the result be true for k = 1, 2, · · · , m.
Case I: Let us first assume that m > v. Then
ρ(un−1, un+m)
≤ s{ρ(un−1, un) + ρ(un, un+1) + · · ·+ ρ(un+v−2, un+v−1) + ρ(un+v−1, un+m)}
< s
{
ρ(un−1, un) + ρ(un, un+1) + · · ·+ ρ(un+v−2, un+v−1) + max{ρ(un+v−2, un+m−1),
ρ(un+v−2, un+v−1), ρ(un+m−1, un+m)}
}
. (1)
If max{ρ(un+v−2, un+m−1), ρ(un+v−2, un+v−1), ρ(un+m−1, un+m)} = ρ(un+v−2, un+v−1)
or = ρ(un+m−1, un+m), then from (1) we get
ρ(un−1, un+m) < s
{
δ
2(v + 1)s2
+
δ
2(v + 1)s2
+ · · ·+
δ
2(v + 1)s2
}
=
δ
2s
< sε+
δ
2s
.
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If max{ρ(un+v−2, un+m−1), ρ(un+v−2, un+v−1), ρ(un+m−1, un+m)} = ρ(un+v−2, un+m−1),
then from (1), we get
ρ(un−1, un+m)
≤ s{ρ(un−1, un) + ρ(un, un+1) + · · ·+ ρ(un+v−2, un+v−1) + ρ(un+v−2, un+m−1)}
< s
{
ρ(un−1, un) + ρ(un, un+1) + · · ·+ ρ(un+v−2, un+v−1) + max{ρ(un+v−3, un+m−2),
ρ(un+v−3, un+v−2), ρ(un+m−2, un+m−2)}
}
. (2)
If max{ρ(un+v−3, un+m−2), ρ(un+v−3, un+v−2), ρ(un+m−2, un+m−1)} = ρ(un+v−3, un+v−2)
or = ρ(un+m−2, un+m−1), then from (2) we get
ρ(un−1, un+m) < s
{
δ
2(v + 1)s2
+
δ
2(v + 1)s2
+ · · ·+
δ
2(v + 1)s2
}
=
δ
2s
< sε+
δ
2s
.
If max{ρ(un+v−3, un+m−2), ρ(un+v−3, un+v−2), ρ(un+m−2, un+m−1)} = ρ(un+v−3, un+m−2),
then from (2), we get
ρ(un−1, un+m) < s{ρ(un−1, un)+ρ(un, un+1)+· · ·+ρ(un+v−2, un+v−1)+ρ(un+v−3, un+m−2)}.
Continuing as above, we can either get
ρ(un−1, un+m) < sε+
δ
2s
or
ρ(un−1, un+m)
≤ s{ρ(un−1, un) + ρ(un, un+1) + · · ·+ ρ(un+v−2, un+v−1) + ρ(un, un+m−v)}
< s
{
δ
2(v + 1)s2
+
δ
2(v + 1)s2
+ · · ·+
δ
2(v + 1)s2
+ ε
}
<
δ
2s
+ sε.
Case II: We now assume that m < v. Then
ρ(un−1, un+m)
< s{ρ(un+m, un+m+1) + ρ(un+m+1, un+m+2) + · · ·+ ρ(un+m+v−1, un+m+v)
+ ρ(un+m+v, un−1)}.
By Case I, we can conclude that
ρ(un+m+v, un−1) < sε+
δ
2s
.
Therefore, we get
ρ(un−1, un+m) < s
{
δ
2(v + 1)s2
+
δ
2(v + 1)s2
+ · · ·+
δ
2(v + 1)s2
+ sε+
δ
2s
}
< δ+s2ε.
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Case III: Let us finally consider m = v. In this case
ρ(un−1, un+m)
≤ s{ρ(un−1, un) + ρ(un, un+1) + · · ·+ ρ(un+v−2, un+v−1) + ρ(un+v−1, un+v)}
< s
{
δ
2(v + 1)s2
+
δ
2(v + 1)s2
+ · · ·+
δ
2(v + 1)s2
}
=
δ
2s
< sε+
δ
2s
.
Thus, by combining all three cases, we find that
ρ(un−1, un+m) < s
2ε+ δ.
Then by hypothesis, we get
ρ(un, un+m+1) ≤ ε
which shows that the result is true for k = m + 1. Therefore, by method of
induction, we get
ρ(un, un+k) ≤ ε
for all n ≥ max{N2, N3}+1 and for all k ∈ N. Hence {un} is a Cauchy sequence
in X and by completeness of X , we find an element u ∈ X such that un → u as
n→∞. That u is the unique fixed point of T and the sequence {T nu0} converges
to u follows along the same line of proof of Theorem 2.9. 
The following example will show that the additional condition assumed to prove
the existence of fixed point of a mapping in the setting of a complete bv(s)-metric
space cannot be removed:
Example 2.12. Let X = [0,∞). Define ρ : X ×X → R by
ρ(x, y) =


0 if x = y
1 + 2x+ 2y if x > 0, y > 0
x if x 6= 0, y = 0
y if x = 0, y 6= 0.
Then (X, ρ) is a b2(2)-metric space which is complete but not sequentially
compact.
Define a mapping T : X → X by
Tx =
{
1
2
if x = 0
x
2
if x 6= 0.
Then T satisfies
ρ(Tx, Ty) < max{ρ(x, y), ρ(x, Tx), ρ(y, Ty)}
for all x, y ∈ X with x 6= y. Yet the mapping T does not admit any fixed point
in X .
Let us consider the following example, which will ratify the above result:
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Example 2.13. Let X = [0, 1]. Then (X, ρ) is a complete b1(1)-metric space.
Define T : X → X by
Tx =
{
x
2
if x ∈ [0, 4]
−2x+ 10 if x ∈ [4, 5].
Then T is not contractive since ρ(T4, T5) = ρ(2, 0) = 2 ≮ 1 = ρ(4, 5). However
it is easy to verify that T satisfies
ρ(Tx, Ty) < max{ρ(x, y), ρ(x, Tx), ρ(y, Ty)}
for all x, y ∈ X with x 6= y. Note that 0 is the unique fixed point of T .
Finally, from Theorem 2.6 or Theorem 2.11, we have the following corollary,
and by this corollary, we get the answer of the open problem (1.5).
Corollary 2.14. Let (X, ρ) be a complete bv(s)-metric space. Let T : X → X be
a mapping such that
ρ(Tx, Ty) < ρ(x, y)
for all x, y ∈ X with x 6= y. Furthermore, assume that for any x ∈ X and for any
ε > 0, there exists a δ > 0 and an N ∈ N such that for n,m ∈ N with n,m ≥ N,
ρ(T nx, Tmx) < s2ε+ δ =⇒ ρ(T n+1x, Tm+1x) ≤ ε.
Then T has a unique fixed point.
Finally, we have the following theorem concerning the completeness of a bv(s)-
metric space via the fixed point property of certain types of contractive mappings.
Theorem 2.15. Let (X, ρ) be a bv(s)-metric space. Assume that every self map-
ping T on (X, ρ) satisfying the condition
ρ(Tx, Ty) < bρ(x, Tx) + cρ(y, Ty)
for all x, y ∈ X with x 6= y, where b, c ∈ R+ with b + c = 1, has a unique fixed
point. Then (X, ρ) is complete.
Proof. Let on the contrary that (X, ρ) be not complete. So we can find a Cauchy
sequence {un} in X such that for no x ∈ X , {un} converges to x. Without loss
of generality, let un 6= um for all m,n ∈ N. Let A be the range set of {un} and
for any x ∈ X , consider the set D(x,A) = inf{ρ(x, a) : a ∈ A}. Then for any
x /∈ A, we have D(x,A) > 0.
If x ∈ A, then there exists an n0 ∈ N such that x = un0. We can then find an
n′0 ∈ N such that
ρ(um, un′
0
) < bρ(un0 , un′0) (1)
for all m ≥ n′0 > n0.
Again if x /∈ A, then there exists an nx ∈ N such that
ρ(um, unx) < bD(x,A) for all m ≥ nx
≤ bρ(x, un) for all n ∈ N
which implies that
ρ(um, unx) < bρ(x, un) for all m ≥ nx and for all n ∈ N. (2)
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We now define a map T : X → X by
Tx =
{
un′
0
, if x ∈ A and x = un0;
unx, if x /∈ A.
We claim that T satisfies the condition
ρ(Tx, Ty) < bρ(x, Tx) + cρ(y, Ty)
for all x, y ∈ X with x 6= y.
For, let x, y ∈ X with x 6= y. If x, y ∈ A, then there exists n1, n2 ∈ N such that
x = un1, y = un2. Therefore, Tx = un′1 , Ty = un′2. Let us suppose that n
′
2 ≥ n
′
1.
Then from (1), we have
ρ(Tx, Ty) = ρ(un′
2
, un′
1
) < bρ(un1 , un′1) = bρ(x, Tx) < bρ(x, Tx) + cρ(y, Ty).
Also, if x, y /∈ A, then Tx = unx, T y = uny for some nx, ny ∈ N. Take ny ≥ nx.
Then
ρ(Tx, Ty) = ρ(unx, uny) < bρ(x, unx) = bρ(x, Tx) < bρ(x, Tx) + cρ(y, Ty).
Finally, if x /∈ A and y ∈ A, then y = un0 for some n0 ∈ N. Then Tx = unx, T y =
un′
0
for some nx ∈ N. If n
′
0 ≥ nx, then from (2), we get
ρ(Tx, Ty) = ρ(un′
0
, unx) < bρ(x, unx) = bρ(x, Tx) < bρ(x, Tx) + cρ(y, Ty)
and if nx ≥ n
′
0, then from (1), we get
ρ(Tx, Ty) = ρ(unx, un′0) < bρ(un′0 , un0) = bρ(y, Ty) < bρ(x, Tx) + cρ(y, Ty).
Combining all the above considerations, we get
ρ(Tx, Ty) < bρ(x, Tx) + cρ(y, Ty)
for all x, y ∈ X with x 6= y. It is important to note that T admits no fixed point
in X . This contradicts our hypothesis and hence (X, ρ) is complete. 
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